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Abstract
In this paper, based on the basic principles of thermodynamics, we explore
the hydrodynamic regime of interacting Lifshitz field theories in the presence of
broken rotational invariance. We compute the entropy current and discover new
dissipative effects those are consistent with the principle of local entropy production
in the fluid. In our analysis, we consider both the parity even as well as the parity
odd sector upto first order in the derivative expansion. Finally, we argue that the
present construction of the paper could be systematically identified as that of the
hydrodynamic description associated with spin waves (away from the domain of
quantum criticality) under certain limiting conditions.
1 Overview and Motivation
Low temperature phases of various strange metal systems have been a mysterious issue
since their discovery. One of the key reasons for this lies behind the fact that unlike the
ordinary metallic systems, strange metals do not posses any quasiparticle description close
to its Fermi surface. These systems are therefore known as Non Fermi liquids1 [1]-[4].
Matter in this quantum critical domain (so called quantum liquids) exhibits certain
fascinating features as the temperature is lowered substantially:
(1) The ratio between the specific heat to the temperature turns out to be very large
indicating the fact that the effective mass for electrons could be larger many orders in
magnitude than the free electron mass near its Fermi surface.
(2) The resistivity grows linearly with temperature namely, ρ ∼ T which is also strange
from the point of view of a Fermi liquid theory.
All the above features therefore strongly suggest the breakdown of the usual Fermi liquid
theory in the domain of quantum criticality and as a result the low temperature physics of
strongly correlated many body systems has been remained as a puzzle for the past couple
of decades.
However, for various reasons, it is widely believed that the physics within this quantum
critical domain is mostly governed by the obvious scaling symmetries of the underlying
∗E-mail: dibakarphys@gmail.com, dibakarr@iitk.ac.in
1The enthusiastic reader is also referred to the review [5] and references therein.
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Quantum Critical Point (QCP). It is by now quite evident that the isometry group asso-
ciated with QCPs is that of Lifshitz type namely the scaling symmetries are anisotropic
at the fixed point [6],
x→ λx, t→ λzt (1)
where, z is the dynamic critical exponent [7]-[8].
The purpose of the present paper is however not to explore physics within this domain
of quantum criticality, rather slightly away from it by explicitly breaking symmetries
associated with the fixed point. In the following, we illustrate this in a bit detail.
It turns out that QCPs with Lifshitz isometry group explicitly break Lorentz boost
invariance and on the other hand preserve rotational symmetry as well as the transla-
tional invariance. The long wavelength dynamics associated with these fixed points has
been explored extensively both from the perspective of a fluid description as well as the
AdS/CFT duality [9]-[18]. Keeping this literature in mind, in the present paper, we are
however interested in the question whether there exists any notion of hydrodynamics be-
yond the domain of quantum criticality and a possible systematic formulation of it based
on the fundamental principles of Thermodynamics. In the following, we systematically
quote the purpose of the present analysis:
(1) We would like to explore the validity of the hydrodynamic description in a situation
when the full Lifshitz algebra is broken down to some reduced symmetry group of it. It
would be indeed quite interesting to explore what happens if we relax the condition of
rotational symmetry and in particular how does it affect the parity odd transports of the
theory. Naturally, it relaxes many of the previous constraints of the theory and allows
additional tensor structures in the constitutive relations those were previously incompat-
ible with the underlying symmetry of the system.
(2) The ultimate goal of our analysis is to write down an entropy current [19]-[24] in
the presence of broken symmetry generators and explore how does it constraint the addi-
tional transports of the system those have emerged due to the symmetry breaking effect.
In other words, we would like to explore whether there exist new dissipative effects (those
are consistent with the principle of local entropy production) away from the domain of
quantum criticality. In this regard, we consider both the parity even as well as the parity
odd sector of the hydrodynamic constitutive relations and in particular explore how do
the parity odd transports are affected due to the presence of anisotropy in the system.
In this sense, the present analysis is valid for all of those fluid systems whose underlying
isometry group comprises that of the broken generators of the Lifshitz algebra.
Two questions are quite obvious at this stage, (1) How do we introduce anisotropy in
our system and, (2) What are the low lying physical d.o.f. of the system that one would
like to interpret in spite of the fact that hydrodynamics is an effective description and
does not rely on the microscopic details of the system.
The anisotropy that we introduce in our analysis is in fact quite similar in spirit to
that with the earlier analysis [25]-[26]. However, as we shall see shortly, the interpretation
as well as the motivation for introducing such anisotropy is completely different in spirit
from that of the relativistic scenario.
In our analysis, we introduce anisotropy by means of a four vector, vµ pointing along
a specific direction. We associate a term ∆(= P⊥ − P‖) with this four vector which
corresponds to the fact that the pressure along two different directions are different even
in the rest frame of the fluid. With the introduction of this anisotropy, our next task turns
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out to be to write down all possible tensor structures those are possible to construct out
of the basic variables of the fluid system under consideration, namely the fluid velocity
(uµ), temperature (T ), chemical potential (µc) and the anisotropy (v
µ). More specifically,
one should be able to write down a number of tensor structures within the constitutive
relations with arbitrary transports which could be fixed later by demanding the positivity
of the so called entropy current. Moreover, it is to be noted that as the present theory
is considered to be a slow deformation (|∆|  1) of the original Lifshitz hydrodynamics,
therefore one must recover the known results of the Lifshitz theory as the fixed point is
approached (∆→ 0).
As far as the d.o.f. are concerned, the answer is rather tricky. However, we claim that
the present analysis could be used to model the hydrodynamic description associated with
spin waves [27]-[29] in certain appropriate limit. The reason for this claim is the following:
First of all, one should note that spin waves could be thought of as being low lying
excitation of certain material like dimer antiferromagnet above its ground state. In other
words, spin waves could be thought of as being the gapless2 excitation (Goldstone modes)
associated with the broken O(3) symmetry3. These excitation therefore clearly break
the underlying rotational invariance of the system and they vanish as one approaches the
domain of quantum crticality [27]-[29]. In the following, we illustrate these points in detail.
In particular, we try to explain what do we exactly mean by spin wave hydrodynamics.
It turns out that, the classical hydrodynamic description of spin waves is valid as long
as spin wave fluctuations are smaller than the correlation length [27],
ξ ∼ c
T
log
(
T
|µc − µQCP |zν
)
(2)
where, µQCP is the value of the chemical potetial exactly at the critical point and the
energy of the spin wave excitation could be thought of ≤ cξ−1. In other words, we
are still in the region where the effective correlation is still much greater than the low
temperature thermal fluctuations of the system. Therefore the hydrodynamic description
is still valid. Our ultimate goal would be to investigate whether it is at all possible to
write down an entropy current under such circumstances.
The organization of the rest of the paper is the following: In Section 2, we provide
the basic anisotropic construction for the most general charged dissipative fluids in the
presence of a global U(1) anomaly. In Section 3, we compute the entropy current both
for the parity even as well as the parity odd sector of the theory. Finally, we conclude in
Section 4.
2 Basics
The purpose of the present calculation is to explore the consequences of broken rotational
invariance on chiral Lifshitz hydrodynamics [14]. However, to start with we first introduce
2This renders that the underlying theory is scale invariant.
3At the level of hydrodynamics such symmetry breaking effects should be manifested in terms of the
emergence of the pressure anisotropy in the constitutive relations of the conserved quantities.
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the notion of chiral anomaly in the context of Lifshitz hydrodynamics as4[14],
∂µT
µν = Faνσjaσ
∂µj
aµ = cabcEb.Bc (3)
where, the anomaly coefficients are given by the rank 3 tensor cabc. Here, jaµs are the N
anomalous U(1) currents and Faνσ(= ∂νA
a
σ−∂σAaν) are the N abelian field strength tensors
of the theory. The electric as well as the magnetic field strengths are respectively given
by,
Eaµ = Faµσuσ
Baµ =
1
2
εµνλσuνF
a
λσ. (4)
We start our analysis by writing down the constitutive relations (compatible with the
reduced symmetries of the system) both for the stress tensor as well the charge currents
associated with the underlying hydrodynamic description. We choose to work in the so
called Landau frame [14].
We first focus on the stress tensor part. It typically consists of the following two
pieces5,
Tµν = Tµν(ideal) + T
µν
(D) (5)
where, Tµν(ideal) is the non dissipative (ideal) part of the stess tensor. On the other hand,
Tµν(D) is the dissipative piece of the stress tensor that includes all the first order derivative
expansions such that in the Landau frame [9],
uµT
µν
(D) = 0. (6)
Since the full Lifshitz isometry group is now broken down to some reduced subset of
it, therefore, to start with and in principle we are allowed to incorporate more generic
tensor structures in the constitutive relation those were previously disallowed due to the
presence of the underlying rotational invariance. Therefore in some sense the analysis of
the present paper generalizes all the previous studies in the literature [9]-[14]. On top of it,
due to the presence of additional transports in the theory, the present analysis also turns
out to be a bit more intricate compared to its relativistic counterpart. In the following
we elaborate these issues into much more detail.
4Reader should not get confused the index a(= 1, .. , N) as the index associated with internal symmetry
(non abelian) generators. This index simply corresponds to the fact that to start with we have N number
of anomalous U(1) charges in our system. However, in the subsequent analysis we would perform our
computation for the simplest case with a = 1. The corresponding result for multiple abelian charges
could be generalized easily.
5The reader should be aware of the fact that to start with Lifshitz field theories are QFTs for which
z > 1. As a result such theories by no means could be connected to relativistic QFTs with Lorentz
invariance (for which, z = 1). In other words, Lifshitz QFTs do not possess a smooth Lorentzian limit
and therefore it is not correct to interpret Lifshitz QFTs as non relativistic QFTs simply because they are
lack of Lorentz boost generators. On the other hand, because of the presence of the gapless excitation in
the theory, one might still hope to find some upper bound for the speed of particles in the theory which
could be identified as the speed of light (c) as well. However, one could switch over to the corresponding
non relativistic regime by taking appropriate (vi/c) limit which would render non relativistic QFTs with
broken Galilean boost invariance [9].
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The starting point of our analysis is quite straightforward. We write all possible
distinct tensor structures those are allowed by the (reduced) symmetry of the system
(as well as consistent with the Landau frame criterion) and we express our constitutive
relations as a linear combination of each of these structures. The coefficients associated
with these tensor structures are finally constrained by the principle of positivity of entropy
production. Those transports which do not seem to be consistent with this physical
constraint are set to be zero although they are allowed by the symmetry of the system.
Keeping these facts in mind, the ideal part of the stress tensor could be formally expressed
as6,
Tµν(ideal) = (+ P⊥) u
µuν + P⊥gµν −∆vµvν (7)
where, ∆ = P⊥−P‖ is the difference between the transverse and the longitudinal pressures7
[25]-[26]. Here, uµ is the usual fluid velocity and vµ is the spacelike vector that defines
the anisotropy in the system and is pointing along the longitudinal axis8 such that they
are mutually orthogonal to each other namely9[25]-[26],
uµuµ = −1, vµvµ = 1, uµvµ = 0. (8)
Considering the local rest frame of the fluid,
uµ = (1, 0, 0, 0), vµ = (0, 0, 0, 1) (9)
it is indeed quite straightforward to show,
Tµν(ideal) = diag(, P⊥, P⊥, P‖) (10)
which is clearly consistent with the fact that the momentum density vanishes in the local
rest frame of the ideal fluid.
Before we proceed further, one non trivial yet simple check is inevitable. We consider
the Lifshitz Ward identity10 [9],
zT 0 0 + δ
i
jT
j
i = 0 (11)
which for the present case yields,
z = dP⊥ + ∆ (12)
6This form of the stress tensor is unique and is indeed consistent with the Landau frame criterion
namely, Tµνuν = −uµ [9]. Moreover, here gµν is the background metric with signature (−,+,+,+).
7Note that the above choice (7) also stems from the fact that at the ideal level the fluid stress tensor
must be diagonal.
8The longitudinal axis defines the anisotropy in the system along the direction perpendicular to the
reaction plane. P‖ is the pressure along this longitudinal axis, whereas on the other hand, P⊥ is the
pressure along the direction perpendicular to this axis.
9It turns out that the Landau frame criterion (6) and the velocity normalization (8) are intimately
related to each other. Note that the Landau frame criterion (6) looks quite natural in the sense that it
simply implies the fact that in the rest frame of the fluid the zeroth component of the stress tensor must
be equal to the rest energy (density) of the fluid and this is the universal claim that should be valid for
all classes of QFTs irrespective of their underlying symmetry group. Now it turns out that, given the
stress tensor (5), the above criterion could be satisfied iff we choose the specific normalization (8) for the
velocity field (uµ) which therefore turns out to be a natural choice even for Lifshitz systems.
10Note that the Ward identity is always satisfied if the underlying scaling symmetry is preserved which
is precisely the case for our analysis as the spin wave excitation are gapless [27].
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where, d is the number of spatial dimensions. This clearly suggests that the corresponding
equation of state is modified due to the presence of anisotropy (spin wave excitations)
in the system. Suppose for the time being that we are dealing with an uncharged fluid
where the temperature (T ) is the only scale in our theory. Therefore, it turns out that
the above equation of state (12) could be obtained from the Euler relation,
+ P⊥ = T s (13)
if we demand the following non trivial scaling relations,
 ∼ P⊥,‖ ∼ T z+dz +θ (14)
where the exponent, θ
(
= ∆
zP⊥
)
clearly vanishes near the fixed point of the theory and as
a result one recovers the standard scaling relations [9].
We now focus on the dissipative part of the stress tensor (5). After a straightforward
computation, one could in fact express the dissipative contributions to the stress tensor
(5) into following two pieces namely11,
Tµν(D) = T
(0)µν
(D) + ∆T
(∆)µν
(D) (15)
where the first piece12,
T
(0)µν
(D) = S
(0)µν + uµG(0)ν +O(∂2)
S(0)µν = −ησµν(u) − ζPµν(∂.u)
G(0)µ = −α1uσ∂σuµ − 2α2
(
Eµ − TPµσ∂σ
(µc
T
))
− βωTωµ − βBTBµ (16)
contains the usual contributions to the stress tensor that do not include any effects of
anisotropy [14]. On the other hand, the second piece13,
T
(∆)µν
(D) = S
(∆)µν + Q(∆)µν + uµG(∆)ν +O(∂2)
S(∆)µν = −λσµν(v) −Pµν((v.G)− κ2∆((∂.u) + Θ)) + vµGν + vνGµ
−vµvν
(
(v.G)− κ2∆Θ + ξ1u.∂
(µc
T
)
− ξ2uλuσ∂λvσ + 2κ2∆((∂.u) + Θ)
)
Q(∆)µν = uµvν
(
(v.G)− κ2∆Θ + κ3u.∂
(µc
T
))
G(∆)µ = κ1v
σ∂σu
µ + κ2v
µ((∂.u) + Θ) (17)
contains all the first order dissipative corrections to the stress tensor (5) that explicitly
include the effects of anisotropy. At this stage it is customary to note that in order to
11Note that, here we have assumed, ∂.v = 0 as there do not exist any sources for anisotropy [25]-[26].
12Here, ωµ = 12ε
µνρσuν∂ρuσ is the so called vorticity factor [30]-[31].
13The transport associated with the Θ term should be considered in a more general sense. When we
discuss the parity even sector it should be thought of as the parity even transport while for the parity
odd sector we would replace it accordingly by parity odd transports.
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arrive at the above relations (16)-(17), we have used the following definitions and/or the
identifications namely,
Sµν = S(0)µν + ∆S(∆)µν
Gµ = G(0)µ + ∆G(∆)µ
σµν(x) = P
µσPνλ
(
∂σxλ + ∂λxσ − δx,u2
3
Pσλ(∂.x)
)
, (x = u, v)
Θ = vσ (−Eσ −Bσ + T∂σ(µc/T )− ωσ) (18)
with, Pµν = uµuν + gµν as the projection operator. At this stage it is also noteworthy
to mention that the entity, Gµ contains all the first order dissipative corrections in the
basic hydrodynamic variables namely, the fluid velocity (uµ), chemical potential (µ) and
the temperature (T ). Moreover, here the entity, uµG
µ = 0 in the Landau frame [14].
Finally, the U(1) charged current could be formally expressed as14,
jaµ = %auµ + Daµ +O(∂2) (19)
where, the function Daµ contains all possible dissipative corrections in the first order
derivative expansion namely15,
Daµ = 2αa3u
σ∂σu
µ + (σD)
a
b
(
Ebµ − TPµσ∂σ
(
µbc
T
))
+ ςaωω
µ + (ςB)
a
bB
bµ + ∆D(∆)aµ
D(∆)aµ = κa1v
σ∂σu
µ − vµ
(
(v.Ga)−∆(κ2)a bΘb + γa1vλuσ∂σuλ + (γ2)a bu.∂
(
µbc
T
))
(20)
such that in the Landau frame, uµj
aµ = −%a .
3 Entropy current
The purpose of this Section is to construct a systematic hydrodynamic description away
from the quantum critical region with Lifshitz isometry group. In order to do that, in
this paper we illustrate the simplest case with, N = 1.
3.1 Thermodynamic identities
As a first step of our analysis, we first construct some basic thermodynamic identities
which will be required in the subsequent analysis. Considering the following identity16,
I = uν∂µTµν + µc∂µjµ (21)
and using (3), it is indeed quite trivial to note that, I ∼ O(∂2). Which therefore clearly
suggests that at the zeroth order level in the derivative expansion of Tµν and jµ one must
have, I = 0 which naturally yields,
− uµ∂µ+ (+ P⊥)
s
uµ∂µs−∆uνvµ∂µvν + µc∂µ%uµ − µc%
s
uµ∂µs = 0 (22)
14In principle one could have added a term proportional to vµ at the zeroth order level in the derivative
expansion. However, as far as the present analysis is concerned we switch off all the components of the
electric current along the direction of the anisotropic vector field [25]-[26].
15One could formally express, Daµ ≡ D(0)aµ + ∆D(∆)aµ.
16In order to avoid confusion, we denote chemical potential as µc.
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where, s is the so called entropy density such that, ∂µ(su
µ) = 0.
We would now like to interpret the entity vµ∂µv
ν above in (22). To do that, let us first
note that in the so called boosted frame one could formally express the four velocities as,
uµ =
(
1√
1− β2 ,
βi√
1− β2
)
, (i = x, y, z)
vµ =
(
βz√
1− β2 − β2z
, 0, 0,
√
1− β2√
1− β2 − β2z
)
(23)
which clearly satisfy the above constraint in (8). Here, βi(= vi/c) are the arbitrary boosts
along three different spatial directions. Using (23), it is indeed quite straight forward to
show,
vµ∂µv
ν = ∂ν log ϑ(β) (24)
where the function ϑ(β) could be formally expressed as,
ϑ(β) =
βz√
1− β2 − β2z
δν,0 +
√
1− β2√
1− β2 − β2z
δν,z. (25)
Using (25), one could now formally express (22) as,
− uµ∂µ+ (+ P⊥)
s
uµ∂µs− ∆
ϑ
uν∂νϑ+ µc(∂µ%)u
µ − µc%
s
uµ∂µs = 0. (26)
Following the arguments of [25]-[26], next we introduce the so called generalized energy
density function,
 = (%, s, ϑ) (27)
which naturally yields,
d =
(
∂
∂s
)
%,ϑ
ds +
(
∂
∂%
)
s,ϑ
d%+
(
∂
∂ϑ
)
s,%
dϑ
= Tds + µcd%− ∆
ϑ
dϑ. (28)
The above equation (28) could be thought of as the modified first law of thermodynamics
in the presence of anisotropies. The first two terms are precisely the contributions aris-
ing from the entropy density as well as the charge density associated with the system.
Whereas, on the other hand, the last term is precisely the anisotropic contribution to the
energy density of the system.
Finally, using (26) and (28), it is quite useful to obtain the following set of identities,
+ P⊥ = T s + µc%
dP⊥ = sdT + %dµc +
∆
ϑ
dϑ (29)
which we use in the subsequent discussions.
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Before we conclude this Section, it is now customary to derive the so called equation
for the entropy current [32] in the presence of the pressure anisotropy. Using (3), it is
indeed quite trivial to note down the following conservation equation,
uν∂µT
µν + µc∂µj
µ = −Eµjµ + µccEµBµ (30)
which by virtue of the arguments as mentioned above in (21) gives rise to non trivial
contributions at the quadratic order in the derivative expansion namely,
∂µJµs = −
1
T
∂µuνS
(0)µν −D(0)µ
(
Pµν∂
ν
(µc
T
)
− Eµ
T
)
− µc
T
cE.B− 1
T
G(0)νuµ∂µuν + ∆M(∆)(31)
where,
Jµs = suµ −
µc
T
Dµ = J(0)µs + ∆J(∆)µs (32)
is the so called entropy current of the system. Clearly, from (32), it is quite evident that in
the presence of pressure anisotropies, the so called entropy current of the system receives
non trivial corrections which is naturally reflected in its divergence equation (31). The
first part on the R.H.S. of (31) is the usual contribution to the entropy current in the
absence of pressure anisotropy [14]. The entity M(∆), on the other hand, summaries all
the anisotropic contributions to the divergence equation namely,
M(∆) = − 1
T
∂µuνS
(∆)µν −D(∆)µ
(
Pµν∂
ν
(µc
T
)
− Eµ
T
)
− 1
T
G(∆)νuµ∂µuν +
1
T
uν∂µQ
(∆)µν .(33)
3.2 A note on the parity even sector
Before we proceed further, at this stage it is noteworthy to mention that the parity
breaking terms would definitely modify the entropy current as expected from the earlier
analysis [32]. However, before moving to the parity odd sector, it is customary to check
the parity even sector in the presence of pressure anisotropy17. As the reader might have
noticed so far that due to the presence of the pressure anisotropy in the system, even in
the parity even sector of the stress tensor (17) (as well as the charge current (22)) we
encounter a number of additional transports which need to be fixed first. We expect to
fix these coefficients purely from the condition of the positivity of the entropy current
namely, ∂µJµs ≥ 0.
We would first consider the parity even sector in (31) namely,
∂µJ(P )µs = −
1
T
∂µuνS
(0)µν −D(0,P )µ
(
Pµν∂
ν
(µc
T
)
− Eµ
T
)
− 1
T
G(0,P )νuµ∂µuν + ∆M(∆,P )(34)
where each of the individual entities could be formally expressed as,
M(∆,P ) = − 1
T
∂µuνS
(∆,P )µν −D(∆,P )µ
(
Pµν∂
ν
(µc
T
)
− Eµ
T
)
− 1
T
G(∆,P )νuµ∂µuν +
1
T
uν∂µQ
(∆,P )µν
17In the subsequent discussion of this subsection we consider only the parity even part of (31). In
principle, one could do this since the two sectors do not get mixed up even in the presence of anisotropy
[14]. A careful investigation would reveal the fact that this is the unique feature of first order dissipative
hydrodynamics which essentially truncates constitutive relations upto leading order in Gµ.
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S(∆,P )µν = −λσµν(v) −Pµν((v.G(P ))− κ2∆((∂.u) + Θ(P ))) + vµG(P )ν + vνG(P )µ
−vµvν
(
(v.G(P ))− κ2∆Θ(P ) + ξ1u.∂
(µc
T
)
− ξ2uλuσ∂λvσ + 2κ2∆((∂.u) + Θ(P ))
)
D(0,P )µ = 2α3u
σ∂σu
µ + σD
(
Eµ − TPµσ∂σ
(µc
T
))
D(∆,P )µ = κ1v
σ∂σu
µ − vµ
(
(v.G(P ))− κ2∆Θ(P ) + γ1vλuσ∂σuλ + γ2u.∂
(
µbc
T
))
Q(∆,P )µν = uµvν
(
(v.G(P ))− κ2∆Θ(P ) + κ3u.∂
(µc
T
))
G(P )µ = G(0,P )µ + ∆G(∆,P )µ
G(0,P )µ = −α1uσ∂σuµ − 2α2
(
Eµ − TPµσ∂σ
(µc
T
))
G(∆,P )µ = κ1v
σ∂σu
µ + κ2v
µ((∂.u) + Θ(P ))
Θ(P ) = vσ (−Eσ + T∂σ(µc/T )) . (35)
At this stage, it is also noteworthy to mention that some of the transports appearing
in the isotropic part of the parity even sector also appears in its anisotropic counterpart.
As a consequence of this, all the previously determined constraints [14] on the transport
coefficients of the (isotropic) parity even sector (in the constitutive relations) might not
hold good and one therefore needs to redo the calculations. In the following we enumerate
each of the entities in (34) separately. A straightforward computation yields the following:
(I)
− 1
T
∂µuνS
(0)µν =
η
T
σµνσµν +
ζ
T
(∂.u)2. (36)
(II)
−D(0,P )µ
(
Pµν∂
ν
(µc
T
)
− Eµ
T
)
=
σD
T
(
Eµ − TPµν∂ν
(µc
T
))2
+
α3
T
PµνKµνΘ
(P )
where,
Kαβ = ∂αvβ + ∂βvα. (37)
(III)
− 1
T
G(0,P )νuµ∂µuν =
α1
T
(uσ∂σu
µ)2 +
α2
T
PµνKµνΘ
(P ). (38)
(IV)
− 1
T
∂µuνG
(∆,P )µν =
λKµν
T
(∂σuνuµu
σ +
Qµν
2
) +
α1
T
(∂.u)PµνKµν +
ξ1
2T
(vµvνQµν)
(
u.∂
(µc
T
))
+
α1
T
vµuσQµν∂σu
ν +
2α2
T
(∂.u)Θ(P ) +
∆(κ1 − κ2)
2T
(∂.u)vµvνQµν − α2
T
vµvνQµνΘ
(P )
−∆κ1
T
vµvσQµν∂σu
ν +
(α1 − ξ2)
4T
PσλKσλv
µvνQµν +
∆κ1
4T
(vµvνQµν)
2
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where,
Qαβ = ∂αuβ + ∂βuα. (39)
(V)
−D(∆,P )µ
(
Pµν∂
ν
(µc
T
)
− Eµ
T
)
= −κ1(1−∆)
2T
vµvνQµνΘ
(P ) +
2α2
T
Θ2(P )
+
(α1 − γ1)
2T
PµνKµνΘ
(P ) +
∆κ2
T
(∂.u)Θ(P ) +
γ2
T
Θ(P )u.∂
(µc
T
)
. (40)
(VI)
− 1
T
G(∆,P )νuµ∂µuν = −κ1
T
vµuσQµν∂σu
ν − κ1
T
uµuσKµν∂σu
ν − (κ1 − κ2)
2T
(∂.u)PµνKµν
+
κ1
T
uµ∂µvν∂σ(u
σuν) +
κ2
2T
PµνKµνΘ
(P ). (41)
(VII)
1
T
uν∂µQ
(∆,P )µν =
α1
4T
(PµνKµν)
2 +
α2
T
PµνKµνΘ
(P ) +
∆κ1
4T
PλσKλσv
µvνQµν
+
∆κ2
2T
(∂.u)PµνKµν +
κ3
2T
(PµνKµν)
(
u.∂
(µc
T
))
. (42)
• Observations: In order for the entropy current (34) to be positive definite, from the
above computations (36)-(42) we observe the following18
(1) Three of the following transports need to be positive definite namely,
η ≥ 0, ζ ≥ 0, σD ≥ 0. (43)
(2) The rest of the transports satisfy nontrivial algebraic identities part of which could
be simplified further in order to obtain,
λ = α2 = α1, κ2 = κ1, ξ2 = κ1(2∆− 1)− α1,
∆γ1 − 2α3 = (3∆ + 2)α1 + ∆κ1 ≥ 0, α1, α2 ≥ 0, κ1 ≥ 0. (44)
(3) The rest of the constraints could be formally expressed as,
λKµνQµν + 2κ1 (P
µνKµν(∂.u) + (u
µ∂µvν)(u
σ∂σu
ν)−∆vµ(vσ∂σuν)Qµν) = 0
ξ1(v
µvνQµν) + 2γ2Θ
(P ) + κ3(P
µνKµν) = 0. (45)
In other words, once we move away from the quantum criticality (by breaking symmetries
associated to it) a number of additional transports appear which are found to obey non
trivial constraints among themselves. However, all of these new transports cannot be
determined uniquely as we have lesser number of constraints available. It turns out that
once we determine a few of them, the rest is trivially fixed due to constraints (44)-(45)
present in the system.
18In the following discussion we assume, ∆ > 0.
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3.3 Some useful relations
We now focus solely on the parity odd sector of (31). Before we proceed further, it is now
customary to derive certain useful identities that would be required in the subsequent
analysis of the entropy current.
• Derivation of ∂µωµ: We start our analysis by noting down the following identity[14],
uµuν∂µων = −1
2
∂µω
µ. (46)
Next, using conservation equation (3) we find,
ων∂µT
µν = %ωµE
µ +O(∂3). (47)
Finally, using (7), (24) and (47) we obtain,
∂µω
µ = − 2
(+ P⊥)
ωµWµ +O(∂3) (48)
where, the vector Wµ could be formally expressed as,
Wµ = gµν (∂νP⊥ −∆∂ν log ϑ)− %Eµ − vµvν∂ν∆. (49)
• Derivation of ∂µBµ: We start our analysis with the following identity [14],
∂µB
µ = uν∂νuµB
µ − 2ωµEµ = −uµuν∂µBν − 2ωµEµ (50)
Following the same steps as above we note that,
Bν∂µT
µν = %BµE
µ +O(∂3). (51)
Finally, using (7), (24) and (50) we find,
∂µB
µ = −2ωµEµ − 1
(+ P⊥)
BµWµ +O(∂3). (52)
3.4 Parity odd sector
Following the prescription of [32], we modify our entropy current as,
Jµs → Jµs + Dωωµ + DBBµ = Jµs + J˜µs (53)
which yields the divergence equation as19,
∂µJ(/P )µs = −D(0, /P )µ
(
Pµν∂
ν
(µc
T
)
− Eµ
T
)
− µc
T
cEµB
µ − 1
T
G(0, /P )νuµ∂µuν + ∆M(∆, /P ) + ∂µJ˜µs(54)
19At this stage it is noteworthy to mention that here by /P we explicitly mean all the parity odd terms
of the entropy current (31).
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where, the function M(∆, /P ) could be formally expressed as,
M(∆, /P ) = − 1
T
∂µuνS
(∆, /P )µν −D(∆, /P )µ
(
Pµν∂
ν
(µc
T
)
− Eµ
T
)
− 1
T
G(∆, /P )νuµ∂µuν
+
1
T
uν∂µQ
(∆, /P )µν . (55)
In the following, we enumerate each of the individual terms one by one.
(I)
−D(0, /P )µ
(
Pµν∂
ν
(µc
T
)
− Eµ
T
)
=
ςω
T
ωµEµ − ςωωµ∂µ
(µc
T
)
+
ςB
T
EµB
µ − ςBBµ∂µ
(µc
T
)
.(56)
(II)
− 1
T
G(0, /P )νuµ∂µuν =
(βωω
µ + βBB
µ)
(+ P⊥)
(%Eµ − ∂µP⊥ + ∆∂µ log ϑ) . (57)
At this stage it is noteworthy to mention that in deriving the above relation we have used
the conservation equation (3) in order to obtain20,
aµ = uν∂νu
µ =
1
(+ P⊥)
(%Eµ −Pµν(∂νP⊥ −∆∂ν log ϑ)) . (58)
Therefore, to be precise, we are looking for an on shell cancellation in the parity odd sec-
tor of the entropy current where the last term corresponds to the anisotropic contribution
to the acceleration of the fluid particles [14].
(III)
− 1
T
∂µuνS
(∆, /P )µν = (βωω
µ + βBB
µ)(vνQµν − vµN) (59)
where, N = ∂.u− 2uµ∂µ log ϑ.
(IV)
−D(∆, /P )µ
(
Pµν∂
ν
(µc
T
)
− Eµ
T
)
= −(βωωµ + βBBµ)vµΘ(P ). (60)
(V)
− 1
T
G(∆, /P )νuµ∂µuν = (βωω
µ + βBB
µ)vµ(v.a). (61)
(VI)
1
T
uν∂µQ
(∆, /P )µν = (βωω
µ + βBB
µ)vµ(v.a). (62)
20In our derivation we have assumed that, vµ∂µ∆ = 0 which corresponds to the fact that the gradient
of the pressure difference is orthogonal to the anisotropy vector vµ [25]-[26].
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Finally, collecting all the individual pieces in (54) we arrive at the following set of
constraint equations namely,
∂µDω − (2Dω + βω)
(+ P⊥)
(∂µP⊥ −∆∂µ log ϑ)− ςω∂µ
(µc
T
)
+ ∆βωv
ν(Qµν − gµνZ) = 0
(2Dω + βω)%
(+ P⊥)
− 2DB + ςω
T
= 0
∂µDB − (DB + βB)
(+ P⊥)
(∂µP⊥ −∆∂µ log ϑ)− ςB∂µ
(µc
T
)
+ ∆βBv
ν(Qµν − gµνZ) = 0
(DB + βB)%
(+ P⊥)
+
ςB
T
− cµc
T
= 0(63)
where, the entity Z could be formally expressed as,
Z = N+ Θ(P ) − 2(v.a). (64)
The above set of equations (63) precisely corresponds to the anisotropic generalization
of the earlier results [14] obtained in the context of anomalous hydrodynamics at quantum
critical (Lifshitz) point. Our ultimate goal would be to solve (63) in order to obtain parity
odd transports away from quantum critical point. In order to proceed further, we however
treat the above set of equations perturbatively in the anisotropy and/ or the spin wave
excitation (|∆|  1). We consider the following perturbative expansion of anomalous
transports namely,
Qi = Q(0)i + ∆Q
(1)
i +O(∆2) (65)
where, Q = {D, β, ς} and i = {ω,B}. The zeroth order solutions are indeed trivial and
has been found earlier in [14]. However, the first non trivial correction appears at the
leading order in ∆. The corresponding set of equations at leading order turns out to be21,
∂µD(1)ω − (2D(1)ω + β(1)ω )
(
∂µP⊥
+ P⊥
)
+
(2D(0)ω + β(0)ω )
(+ P⊥)
∂µ log ϑ− ς(1)ω ∂µ
(µc
T
)
+ βωv
ν(Qµν − gµνZ) = 0
(2D(1)ω + β(1)ω )%
(+ P⊥)
− 2D(1)B +
ς
(1)
ω
T
= 0
∂µD(1)B − (D(1)B + β(1)B )
(
∂µP⊥
+ P⊥
)
+
(D(0)B + β
(0)
B )
(+ P⊥)
∂µ log ϑ− ς(1)B ∂µ
(µc
T
)
+ βBv
ν(Qµν − gµνZ) = 0
(D(1)B + β
(1)
B )%
(+ P⊥)
+
ς
(1)
B
T
= 0.
(66)
The above set of equations (66) could be simplified further in order to obtain the
following reduced set of equations namely,
∂µ(D(1)ω − D(1)B )−
(
2D(1)ω − D(1)B + β(1)ω − β(1)B
)( ∂µP⊥
+ P⊥
)
+
X(0)
(+ P⊥)
∂µ log ϑ
−(ς(1)ω − ς(1)B )∂µ
(µc
T
)
= 0
21For the sake of simplicity we do not quote the zeroth order solutions here. Interested reader may
have a look at [14]. These solutions are purely fixed by the anomaly. However, we will use them explicitly
in order to explore solutions at leading order in the anisotropy.
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(2D(1)ω + β(1)ω )%
(+ P⊥)
− 2D(1)B +
ς
(1)
ω
T
= 0
(D(1)B + β
(1)
B )%
(+ P⊥)
+
ς
(1)
B
T
= 0 (67)
where, the entity X(0) could be formally expressed as,
X(0) = 2D(0)ω − D(0)B + β(0)ω − β(0)B . (68)
Considering the general identity22,
∂µD(1)i =
(
∂D(1)i
∂P⊥
)
µ¯c,log ϑ
∂µP⊥ +
(
∂D(1)i
∂µ¯c
)
P⊥,log ϑ
∂µµ¯c +
(
∂D(1)i
∂ log ϑ
)
P⊥,µ¯c
∂µ log ϑ (69)
from (67), we arrive at the following set of equations,(
∂D(1)ω
∂P⊥
)
µ¯c,log ϑ
−
(
2D(1)ω − D(1)B + β(1)ω − β(1)B
)
(+ P⊥)
= 0(
∂D(1)ω
∂µ¯c
)
P⊥,log ϑ
− (ς(1)ω − ς(1)B ) = 0(
∂D(1)ω
∂ log ϑ
)
P⊥,µ¯c
+
X(0)
(+ P⊥)
= 0
(
∂D(1)B
∂P⊥
)
µ¯c,log ϑ
+
(
2D(1)ω − D(1)B + β(1)ω − β(1)B
)
(+ P⊥)
= 0(
∂D(1)B
∂µ¯c
)
P⊥,log ϑ
+ (ς(1)ω − ς(1)B ) = 0(
∂D(1)B
∂ log ϑ
)
P⊥,µ¯c
− X
(0)
(+ P⊥)
= 0
(2D(1)ω + β(1)ω )%
(+ P⊥)
− 2D(1)B +
ς
(1)
ω
T
= 0
(D(1)B + β
(1)
B )%
(+ P⊥)
+
ς
(1)
B
T
= 0. (70)
Eq. (70) is precisely an artifact of the symmetry breaking effect which non trivially
modifies the previously obtained constraint equations [14]. In order to proceed further,
22Here we define, µ¯c =
µc
T .
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from (29) we note, (
∂µ¯c
∂T
)
P⊥,log ϑ
= −(+ P⊥)
%T 2(
∂P⊥
∂T
)
µ¯c,log ϑ
=
(+ P⊥)
T(
∂ log ϑ
∂T
)
µ¯c,P⊥
= − 1
∆
(+ P⊥)
T
. (71)
Substituting (71) into (70) we find,(
∂D(1)ω
∂ log ϑ
)
T,µ¯c
+
(
∂D(1)B
∂ log ϑ
)
T,µ¯c
+O(∆2, T ) = 0
(
1− %T
2
(+ P⊥)
)(∂D(1)ω
∂T
)
µ¯c,log ϑ
+
(
∂D(1)B
∂T
)
µ¯c,log ϑ

+
(
∂D(1)ω
∂µ¯c
)
T,log ϑ
+
(
∂D(1)B
∂µ¯c
)
T,log ϑ
= 0
(2D(1)ω + β(1)ω )%
(+ P⊥)
− 2D(1)B +
ς
(1)
ω
T
= 0
(D(1)B + β
(1)
B )%
(+ P⊥)
+
ς
(1)
B
T
= 0. (72)
From the first two equations in (72), we find,
D(1)B + D
(1)
ω = C (73)
where, C is some integration constant that does not depend on any of the thermodynamic
variables. Using (73), the last two equations of (72) could be further modified as,
(2C + β(1)ω )%
(+ P⊥)
− 2D(1)B
(
1 +
%
(+ P⊥)
)
+
ς
(1)
ω
T
= 0
(D(1)B + β
(1)
B )%
(+ P⊥)
+
ς
(1)
B
T
= 0. (74)
Clearly, the above Eq.(74) is inadequate to solve all the five different transports in a unique
fashion23. Therefore what we find from the above computation is that the entropy current
cannot uniquely fix all the parity odd transports once we break the underlying symmetry of
the system. However, it indeed imposes non trivial constraints among different transports
as we have also noticed earlier in the parity even sector.
23Similar conclusion have been drawn earlier by other authors in [33].
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4 Summary and final remarks
We now summarise the key findings of our analysis. The most significant outcome of our
analysis is the establishment of the hydrodynamic description away from the quantum
criticality. We claim that such hydrodynamic description could be identified with the cor-
responding hydrodynamic description of spin waves in the appropriate limit. The reason
for this claim rests over the facts that (1) the spin wave excitation are naturally dimin-
ished as the fixed point is approached and (2) they spontaneously break the underlying
rotational symmetry of the system. Both of which have been incorporated in the present
analysis. Our analysis reveals that it is indeed possible to find out new dissipative effects
when we explicitly break the underlying symmetry associated with QCPs. We compute
the entropy current in order to fix these arbitrary coefficients in the constitutive relation.
It turns out that none of these transports could be fixed uniquely. Nevertheless, they
are non trivially constrained by their respective constraint equations. We perform our
analysis for the most general charged dissipative fluids where we consider both parity
preserving as well as parity violating effects at leading order in the derivative expansion.
Finally, as mentioned earlier, for realistic models of strange metal systems one should
actually consider the so called non relativistic limit of the Lifshitz hydrodynamics that
has been discussed so far. This will eventually lead us towards a formulation of non rel-
ativistic QFTs with broken Galilean boost starting from a theory with broken Lorentz
boost invariance. This could be done in two different ways. One could either take a (vi/c)
limit of the theory [9] or simply by going to some light cone frame [34]-[35]. However, one
should take care of the fact that in the non relativistic limit the so called scaling relations
will also get modified leading to a modified Ward identity [9]. We leave all these issues
for the purpose of future investigation.
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